PHYS 301

HOMEWORK #11 (Optional)
Due : 27 April 2012

If you wish to have this homework set count toward your grade, please turn it in (in one electronic
file or one hardcopy version) at the beginning of the last day of class, 27 April. You can pick it up
from me during exam week. If you do submit for a grade, it will factor into your HW grade as
would any other homework; if you do not submit it (or turn it in to be corrected but not graded) it
will not affect your grade in any way. If you wish to have your homework corrected but not graded,
indicate this on the first page of the assignment, otherwise | will count it toward your grade. Ques-
tion 1 is worth 20 points; all other questions are worth ten points. You may but need not submit
computer plots as suggested in Boas.

1. The diagram below shows a linear electric octupole:

r f 2
0
—q 2q -2q q
(—2a,0) (—a,0) (a,0) (2a,0)

Find the potential at point P using Legendre polynomials. Combine sums as appropriate to show
that the first non - zero term involves the third order Legendre polynomial. Write out the first three
non zero terms of the potential. Find the components of the electric field.

Solution : We can begin by considering these four charges as a pair of dipoles; the outer dipole
consisting of the charges of magnitude g, and the inner dipole consisting of the charges whose
magnitude is 2 . Using the results previously obtained for electric dipoles, we can write the poten-
tial due to each dipole easily as :
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2kq "
Vouter = X Pmp(cosO)(2a/r)
r m=odd

-22kg) "
Vinner = —r m:zcidd I:)m (COS 9) (a/ r)

Notice that the expression for the outer potential has the term (2 a/r)™ since the distance of the
charges from the origin is 2a; the inner potential term is negative since the charge closer to the
observation point P is negative. Re writing the inner expression slightly we get:

2kq . .
Vinner = z 2 I:)m (COS 9) (a/ r)
r m=odd

The total potential is then :
ka)

00 22 0
Viotat = Vouter + Vinner = —— _zc:) 2™ P (cosO) (a/nN™ — m—zc:)dd Pm(cos@) (@/n™

Vul = —— £ (2™—2)Pp (cos6) @/n"
r m=odd

When m = 1, we see that the potential equals zero; since we are summing over the odd values of m,
the first non zero term is the P3(cos 6) term. The first three non zero terms become:

V ~ —— (6P3(cos6) (a/r)’+30Ps(cosd) (a/r)° + 126 P; (cos ) (a/n)’ +...)
r

So the leading term in the expansion is :
6kqad
d P3(cosd) (a/r)? = f (5cos® 6 —cos 0)

We find the electric field (for the leading term) from :

E=-VV-=
oV . 10V . 24kqad(5cos*0—cos) . 6kgal .
—(—r+——0):+ P - (-15cos*@sin@ + sin6) 6
or r 06 rs r°

2. Show thatu =f (x - vt) and u = f (x + v t) satisfy the wave equation.
Solution : The wave equation is :
#u 1 d%u

X2 V2 ot
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Since we have that u = f (x - vt) and u = f (x + vt), we substitute these expressions into the wave
equation. Starting with u =f(x - vt) :
ou ou of d?u

— =— — = f'(x=-vt)x1 and— =f"(x-vt)
ox  of ax ox?

du  ou of U

Using these results we get :
1
frx-vt) = — (V" (x—vt) = f"(x—vt) =f"(x—wt)
v

which shows that u = f (x - vt) satisfies the wave equation. An identical analysis will show that f (x
+ vt) satisfies the wave equation.

3. Boas, problem 1 page 626.
We will follow the work done in Boas and realize that our general solution will be of the form :

TXY) = kozjl (Axcoskx + By sinkx) (Ce*Y + De™)

As we did in class, we know that applying boundary conditions gives us :

* C = 0 since the temperature must be finite for large y
* A=0since T =0 whenever x =0
* Since sin (kx) = 0 when x = 10, we have that sin (10 k) =0 = k = na/10

These conditions lead to the equation :

®© ALED
T y) = Z Bpsin (_)e—nﬂy/lo
- 10 ®

Applying the final boundary condition, that T (x, 0) = x, we get :

% _/NnmX
T, 0 = nngnsm(F) =X

The only remaining step to getting a complete solution is evaluation of the B coefficients; we realize
that the B coefficients are merely the Fourier coefficients for the series expansion of f (x) = x on -
10 <x < 10. Thus we have :

2 o
B, = b, :—f xsin(nmx/10) dx
10 Jo
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using Mathematica to find the coefficients :
(2/10) Integrate[xSin[nxx/10], {X, 0, 10}]

20 (nnCos[nx] -Sin[nn])

n2 2

and we see readily that the coefficients are given by :
-20 20 (-1t

Bn = bn :_(_1)n =
nm nm

using this value in equation (1) yields our final solution :

(-1) n+1 gjn (n;)X) e-nny/10

T (X’ y) = n%l

* 8

n

This temperature distribution yields the contour plot :
Clear[temp]

n

(-1)™tsin| ’:)X] Exp[-nny /10]

20 1

temp[x_, Yy ] := (—] Sum

- , (n, 1, 51}]

ContourPlot[temp[Xx, Y], {X, 0, 10}, {y, 0, 20}]

7T

10|

4. Boas, problem 2, page 626.
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Solution : Now our width is 20 cm so that the
general solution (analogous to eq.(1) in the problem above) becomes :

o n X
T(XY) = Z Bysin (_ ) e—N7Y/20
= 20 @

and applying the boundary condition aty = 0 gives us :

Tx 0 = > B sin nﬂX_{O, 0<x<10
* )_nzl S| (20)‘ 100, 10<x <20

Again we recognize that we will find the B coefficients by determining the Fourier series that fits
the function :

-100, -20<x<-10

0, -10<x<0

0, 0<x<10

100, 10<x <20

f(x)=

Since this is an odd function, we know only the sin terms will be non - zero, and we solve for the
Fourier coefficients :

2
Bn:bn:—ff(x)sin(nzrx/L)dx
L Jo

For this case, L = 20, and f (x) = 0 on (0, 10) and f (x) = 100 on (10, 20), so our relevant integral
becomes :

) 2% nodd
Bn:bn:5£0 100sin(nzx/20)dx = B, = %20, n=26,10, ..

0, n=4,8,12, ..

Substituting this into the initial equation (2) yields the complete solution :

o By sin () e Y20
Ty = = 2
n=1 n

using the expression for B, from above. Plotting these results, we get:
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Clear[temp]

temp[xX_, Y_] := (200 / xr) Sum[Sin[nx X /20] Exp[-nwxy /20] /n, {n, 1, 151, 2}] -
(400 / ) Sum[Sin[nxx /20] EXp[-nxy/20] /n, {n, 2, 151, 4}]

ContourPlot[temp[X, Y], {X, 0, 20}, {y, 0, 20}]

0 5 10 15 20

5. Boas, problem 7, page 626.

Solution : In this case, the width of the plate is 7 and the height is 1. Since the plate is not infinite
in'y, we cannot automatically set any coefficients equal to zero; following the treatment on p. 624 of
Boas, we know our general solution is :

TXY) = El (Axcoskx + By sinkx) (Ce*Y + De™)

As shown in Boas and as done in class, the boundary condition that T (x, 1) = 0 leads to :
1
Ce¥Y + De™™ = > (ekaY — k@) = sinh[k (1 - y)]

Applying the other boundary conditions yields :
*TO,vy)=0=>A=0
*T(r,y)=0=>sin(kn)=0>ka=nx=k=n
so our general solution becomes :

TXY) = %Ol B sin (nx) sinh[n (1 -y)]
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Applying the boundary condition along the lower strip, T (X, 0) = cos X yields :
T(X,0)= cosx = E B, sin (n x) sinh[n]
n=1

and again we know we must find the Fourier coefficients of the expansion that will satisfy this
boundary condition. In this case, we have that the Fourier coefficients are represented by :

bn

sinh (n)

bn = Bpsinh(n) = B, =

To find the value of the Fourier coefficients, b,, we compute the integral:

) | 0, n odd
bn:;j:cosxsm(nX)dX= { 4, 1 neven

7 n?-1’

(Make sure you recognize that we make the odd extension of cos x into the left half plane; we need
to make the odd extension since we can see that we have to reproduce the Fourier sine series). This
gives us the values for the by’s; to get the values for By:

b 4 1
n =" =
sinh(n 7 sinh(n)n?-1

our complete solution is then :

forneven

4 « sin(nx)sinh[n(1-y)]
Ty =- 3
mneven  sinh(n) (n® - 1)

6. Boas, problem 2, page 632.

This is very similar to example 1 done in Boas (pp. 629 - 630). In the problem we have here, the
length of the rod is set to L = 10 cm, and the initial temperature distribution is u (x, 0) = 100. There-
fore, we follow the treatment done in class and in Boas, using Boas eq. 3.12 (p. 630) to show that
the solution will be of the form :

oo nmX
U(x,t) = = b,e (7107t gjn (—)
n=1

®)
Applying the boundary condition that u (x, 0) = 100, we find :

00 o /nmX
uix,0)=100 = X bnsm(—)
n=1 10

and we realize that we have the Fourier sine series for f (x) = 100. Solving for the Fourier coeffi-
cients :
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2 10 400 dd
bn:—f 100-sin (N7 x/10) dx = { nrt 1O
10 Jo 0, neven

Substituting these values for b, into equation (3) yields the complete solution:

400 o e—(nna/lO)Zt sin (%‘)
U, t) = — X
7T nh=odd n

7. Boas, problem 5, page 632.

Solution : This problem follows the procedure described in Example 2 in Boas, pp. 630 - 631. The
initial temperature distribution can be described by :

0) = 100 x, O<x<1
ux, )‘{100(2—x), l<x<?2

and the function looks like :

100 i
80 ,
60 ,
40 ,

20l

0.5 1.0 15 2.0

The final temperature is 100 across the length of the slab, so (as shown by Boas eq. (3.16)), the
general form of the solution is :

ux,t) = 21bnsin(nnx/L)e—(nna/L)Zt U
n=

In this specific example, L = 2 and us = 100. If we apply the t=0 boundary condition, we can
rewrite this solution as:

ux, t)y—us = El b, sin(nzx/10) @

and we recognize that we can find the Fourier b coefficients by expanding the left side in a Fourier
series. The explicit function on the left we will expand is :
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100 x — 100, 0<x<1

ux, t)—us = {100(2—x)—100, 1<x<2

which we can write as :

100(x-1), 0<x<1

U H-ur = {100(1—x), 1<x<2

This is the function we need to expand in a Fourier sine series, and that the calculated b, coefficients
will be substituted into eq. (4). We have then:

2.l 2
bn:E[f1OO(x—1)sin(n7rx/2)dx +f100(1—x)sin(n7rx/2)dx]
0 1

0, neven
—400 (=2+n7) _
by =4 — me n=1,509, ..
400 2+n ) _
nz—ﬂz’ n=3,7, 11, ..

Substituting these values for b into equation (4) will provide the complete solution to the problem.

8. Boas, problem 1, page 650. (Assume azimuthal symmetry)

Solution : We are asked to find the solution inside a sphere of radius 1 for the surface temperature
distribution equal to 35 cos*d. We follow the solution in Boas (pp. 647-649) and in the classnote on
solving Laplace’s equation in spherical coordinates. We know the general solution will be of the
form:

T 0 = X (Anrm+Bnr ™b)Py (cos6)
m=0
Since we are asked to find the temperature distribution inside the sphere, we know that the B terms
must all be zero, otherwise we have an infinite temperature at r = 0. Therefore, our general solution

becomes :

T(r, §) = mDZjOAm " P (COS 6)

Now, we apply the boundary condition; since r = 1 we have :

T, 6) = > AyPy(cosd) = 35c0s* 6
m=1

Finding the complete solution requires determining the values of the Ay, coefficients, and we can do
this by realizing that the sum is merely a Legendre series for the function 35 cos* 6. Setting x = cos
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6, we know that the recipe for finding the coefficients of a Legendre series is:

2m+1 1 2m+1 1
5 ff(x)Pm(x)dx = -fo"'Pm(x)dx
-1 0

Cm:

Since our function, 35 cos* @ is even, we will get non zero coefficients only for the even coeffi-
cients; these coefficients are:

1 14 1
CO:—-fo-ldx:—
2 0 5

9 11 8
C4:—-2f—-(3-30x2+35x4).x4dx = —
2 0o 8 35

and we can write the first three non zero terms of the solution as :

T(9)142P( 6) 84P( )
r, =—4-7 CcoS +—r CcoS
5 7 ° 3

9. Boas, problem 8, page 650. (Assume azimuthal symmetry)

Solution : We are asked to find the interior temperature of a sphere of radius 1 whose surface
temperature is defined by :

£ o) = { 100, 0<O0<n/3
©) = 0, otherwise

We know from above that the general solution will be of the form :
T 6 =T, 0) = > An ™ Pp (cos 6)
m=0

Since we are finding the interior temperature, the B coefficients must all be zero otherwise there will
be a singularity at the center of the sphere where r = 0. We know apply the bondary condition at the
surface; setting x = cos 6, we can rewrite the boundary condition as :
100, 1/2<x<1
Fog = { 0, otherwise

Then setting r = 1 at the surface, we have :

100, 1/2<x<1

T = mEOAm Pm (0 = { 0,  otherwise
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The only unknown remaining to determine a complete solution is the evaluation of the A coeffi-
cients. We realize that these are just the coefficients in the Legendre Series expansion of our func-

tion; so we can compute them as :

2m+1 1
-1

for this function, the integral becomes :

2m+1
2 1/2

1 1
Co=— f 100dx = 25
1/2

3 N 225
c1=—f100xdx:—
2 Jip 4

5 1 1 375
02:—f100-—(3x —1)dx = —
2 Jip 8

7 (L 1., 525
C3 =—f 100- - (5x°-3x)dx = —
2 J12 2 64
and the first few terms of the Legendre expansion are :

375 525

225 1
T, 0 =25r°1) + e rcosd + e rZ(E (300520—1))+ R

54

1
(E (5cos® -3 cos 0)) ¥ ...



