PHYS301
HOMEWORK #3

Due : Monday, 13 Feb. 2012

1. Verify the divergence theorem for the function :

V=XY)X+Q2y2Yy + Bzx)2

for the volume defined by the cube of length 2 in the first octant (meaning one vertex is at (0, O,
0) and the other is at (2, 2, 2)).

Solution :

We verify the divergence theorem by computing both :

fV-vdr and |v-da
Vv S

Doing the volume integral first :
V-v=y + 2z + 3X

so that the volume integral becomes :

2 2 2 2 2
fV-vdT:fff(3x+y+22)dxdydz:ff(6+2y +42)dydz
Y% 0 Jo Jo 0 Jo

2
= f(12+ 4+8z)dz = 24+8+ 16 = 48
0

The surface integral requires 6 separate integrations :

1. For the face at x = 2 whose outward normal is + X:

2 2
fv-da=fxydydz=2ffydydz=8
s s 0 Jo

2. For the face at x = 0 the surface integral is zero since x = 0.
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3. For the face at y = 2 whose outward normal is + ¥:

2 2 2 2
fv-da=ff2yzdxdz=4ffzdxdz=16
S 0 Jo 0 Jo

4. For the face aty = 0, the surface integral is zero since y = 0.

5. For the face atz = 2 whose outward normal is + 2 :
2 2 2 2
fv-da:ffBzxdxdy:foxdxdy:%
S 0 Jo 0o Jo

6. For the face at z = 0, the surface integral is zero since z = 0.

The sum of these surface integrals is 8 + 16 + 24 = 48, and we verify the divergence theorem

2. Verify Stokes' Theorem for the function :

V=ayX + bxy

over the circle of radius R centered at the origin, and a and b are constants.

Solution :

We first solve the surface integral of the curl :
f(va)-da = f(b—a)i -daz = (b—a)fda
s s S

Where we determine that curl v = (b - a)in the Z direction which lies parallel to the unit normal
outward from the x-y plane. Therefore, (b - a) is a constant and can be taken out of the integral
leaving us to find the surface area of the circle of radius R, this immediately yields the solution :

f(va)-da = (b —a) 7 R?
S

To find the line integral, we parameterize the circle as :
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X
Il

Rcosf dx = —Rsin6do
Rsind dy = Rcos6dé

therefore, the line integral becomes :

fv -dl = fvxdx + vy dy = f(aRsinH)(—Rsin@dH) + (bR cosO) (RcosHdo) =
C C

2 T
f R*(bcos®@ — asin®6)dd = 7R (b - a)
0

2 T 2 T
sincef sin?xdx = f cos?xdx = &
0 0

3. Compute the line integral of :

V=6%+Yyz?’) + @By +2)2

over the triangular path defined by the line segments (0, 0, 2) -> (0, 0, 0) -> (0, 1, 0) -> (0, 0, 2).
Solution :

We can solve this either via direct computation of the line integral, or by using Stokes' Theo-
rem. If we use Stokes' Theorem, we notice that the unit normal to the plane of the triangle is in
the + X direction, so the only contribution to the surface integral:

f(VxV)- da
S

will come from the & direction of the curl; taking the curl we obtain:
1 2y+2
f(va)-dasz (3-2yz)dzdy
S 0 Jo

The area we are integrating over is the triangle defined by the y axis, z axis, and the linez=-2y
+ 2. This integral becomes :
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-2y+2
dy =

1 ~2y+2 1
ff (3—2yz)dzdy:f(32—y22)
0 JO 0

1 1 8
f{B(—2y+2) —y(-2y+27°}dy = f(—4y3+8y2—10y+6)dy =3
0 0

0

The problem does not ask us to verify Stokes' Theorem, so we could stop here, but for complete-
ness, let' s compute the line integral :

fv-dl = fvx dx + vy dy +v,dz
c c

The first path is along the z axis from z = 2 to z = 0, so the only contribution to the integral

comes from the term :
fv-dlzfovzdz:f(3y+z)dz :fozdz:—Z
1 2 2 2

Where the last integral derives from the fact that y = 0 along this line. For the second path, from
(0, 0, 0) to (O, 1, 0); the only contribution to this path could come from the v,dy term, and we

have:
1
fv-dl = fyz2 dy = Osincez = 0along this path.
2 0

Finally, we must parameterize along the line from (0, 1, 0) to (0, 0, 2). The equation of this line
iISz=-2y+ 2,50 our parameterization becomes :

y =t dy = dt
Z=-2t+2;,dz = - 2dt

fv -dl = fvx dx + vy dy :f{t(—2t+2)2dt +(Bt+ (-2t +2) (-2db)
3 C 1

Simplifyng the integrand yields :
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14
fv-dl = f(4t3—8t2+2t—4)dt= —
3 1 3

Note the limits of integration; since the path starts from (0, 1, 0) goingto (0, 0, 2),
our parameterizationof z = — 2t + 2showsthatwhent = 1,
z = 0andthatt = 0 > z = 2.

Then, the total line integral is the sum of all three paths, and equals :

14 8
-2+ 0+ Y = 3 as we found using Stokes' Theorem.

4. Write three short Mathematica programs showing how to compute the value of 10! using a
Do loop, For statement and While statment

Solutions :

For the Do loop, we set the initial value of the variable fact = 1 and :

= Clear[fact, n]

fact = 1;
Do[fact = nfact, {n, 10}]
Print[fact]

3628800

For the while statement :

ing:= Clear[fact, n]
fact =1; n=1; While[n< 11, fact = nfact; n++]
Print[fact]

3628800

For the For statement :

5= Clear [fact, n]
fact = 1;
For[n=1, n< 11, n++, fact = nfact]
Print[fact]

3628800



