PHYS 301
HOMEWORK #10

Solutions

1. Starting with the Legendre differential equation :
(1-x%)y" = 2xy' +m(m+1)y =0
Make the substitution :
X = C0s6
and show the equation can be reframed as :

d’y cos6 dy

— +—— —+mm+1)y =0

d¢?> sinf do
Solution :  Making the substitution x = cos 6, we can transform the (1 —x?) and first derivative
term to obtain:

1-%% = 1-cos%60 = sin’@

)
dy dy do
= O )
dx  do dx
since X = cos 6,
dx ) do -1
— =-8inf = — =—— (3)
dx siné
therefore :
d -1 d
dx  siné do
Now, we wish to transform the second derivative term; using the chain rule again we have :
d? d (d du
gy _ 4 (_y ) & (5)
dx¢2  dx \dx/ dx
du du dé
— = — ©)
dx dg dx

We already know that :
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de -1
dx  sing
and du/df is :
du d /-1 dy -1 d’y (-1)lcos6@dy -1 d’y cos6 dy
do &)(m E)) " sing d?  sinze  do " sing d6? +sin26)@ @)

Combining egs. (3) and (7) gives :

dx2  dx  do dx
-1 d’y cos@ dy,( -1
[sine de? ’ sin® 6 d_H] (sin 9)
Substituting egs. (1), (4) and (8) into the original differential equation yields :

d®y du du dé

®)

(1-x*)y" - 2xy' +m(m+1)y =
-1 d? cos@d dy( -1 -1\d ©)
sin29[ _ L —y](_—)—zcose(_—)—y+m(m+1)y
sinf d¢?  sin?g do!\sing sing/ do
A little algebra brings us to :

d’y cos@ dy  cos@ dy d’y  cosé dy
— - — — 42— —+mMmM+1l)y = — + — — +m(@Mm+1)y
d?  sing df sing do d¢? sin@ do (10)

And we are done.

2. The generating function for Hermite polynomials is :

o Hp (X)t"
gx,t) = Exp(2xt - t2) = n§0 nr(”)

where the Hy, (x) are the Hermite polynomials.Show that this generating function leads to the follow-
ing recurrence relations :

Hni1 (X) = 2XHp (X) = 2nHp_1 (X)
and :
Hy'(X) = 2nHp_1 (X) (20 pts)

Solutions : To prove the first relation, we begin by taking partial derivatives of both sides of the
equation with respectto t :
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-1
@ - ﬁe(2xt—tz) - (ZX_Zt)e(th—tz)zﬁ °§ Hn () 17 - § M
ot ot dtn=0  n! n=1 n! (11)
Now, recalling that :
e = 3 Hy oot (12)
n=

we can rewrite eq. (11) as:

o Hy)t" o HyOt™ o nH, 0 t"?
2(x—t)el@tt) — oy » " _py 7y
n=0 n! n=0 n! n=1 n! (13)

Since n/n! = 1/(n-1)!, eq. (13) becomes:

o Hy(x)th o Hy ()t o H,(x)t?
2% 3 n (X) 53 n (X) _ 5 n (X)
n=0 n! n=0 n! n=1 (n-1)! (14)

Now, we know from our previous work in series solutions that we wish to equate the coefficients of
like powers of t. Re-indexing the second sum by setting n—n-1, and the third sum by setting n—»>n+1,
we have:
o Hp (x)t" o Hpiop Ot" o Hppp (X)t"
Xy n() _2y nl() - ¥ n+1()
n=0 n! n=1 (n-1)! n=1 n! (15)

In the second sum in eq. (15) we can write 1/(n - 1)! = n/n! and obtain :

o Hy (X))t o NH_1 (X)t" o H X) t"
2% 3 n() 2y nl() — ¥ n+1()

n=0 n! n=0 n! n=1 n!

Equating coefficients of like powers of t, and dividing through by n! yields the first recursion rela-
tion :
2XHp(X) =2nHp_1 (X) = Hpy1 (X)

To show the second relationship, take the partial derivative with respect to x :

09X _ 9 foxgy o 9 g HOC
OX OX 0xXn=0 n!

o n+1 oo ' n

prel2xi-®)_ 5 3 HOOE™ o Hy 0ot

n=0 n! n=0 n!



4| phys301-2013hw10s.nb

Re - index the first sum above by setting n -> n + 1 and recall that 1/(n - 1)! = n/n! :

o Hop_1 ()" o NH_1 (X)t" o H,Z ()t
22 nl() nl() b n()

n=1 (n—1)! n=0 n! n=0 n!
Equating coefficients of like powers of t and dividing out common factors of n! gives :
2nHp_1 (X) = HR (X)

3. Expand in a Legendre series (showing the first three non zero terms) :

; 0, -1<x<0
¢ = {xz, 0<x<1

Solution : The general form of a Legendre series is :

f(x) = OEjO Cm P (X)

2m+1 !
Wherecm:Tff(x)Pm(x)dx
-1

We find the first several coefficients:

lflf()P()d 1f121d 1
Co=— X)Po(x)dx = — | x°-1dx = —
0 2 Jo 0 2 Jo 6

3, 3
clz—fx -xdx = —
2 Jo 8

5,1 1
C2 =—fx2~—(3x2—1)dx ==
2 Jo 2 3

1 3x 1 1
f(X):CoPo(X)+C1P1(X)+C2P2(X)=E+?+§-E(3X2—l)+...

and our series is :

We write a short Mathematica program to plot the first 15 terms of the Legendre series and show its
convergence to f (x) :
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Clear[c, x, f, m]

f[x_] :=Which[-1<x<0,0,0<x<1, x?]

c[m_] :=c[m] = ((2m+1) /2) Integrate[f[Xx] LegendreP[m, X], {X, -1, 1}]
Plot[{f[z], Sum[c[m] LegendreP[m, z], {m, O, 14}1}, {z, -1, 1}]

-1.0 -0.5

4. Expand in a Legendre series (showing the first three non zero terms) :
f(x) =cosx —-1l<x<1

Solution : First we note that arc tan x is an odd function (prove this to yourself either by graphing it
or finding the Taylor expansion). This means that we know the Legendre series will consist only of
odd terms, and we calculate the first three odd coefficients :
Do[ Print["c", n, " = ",

((2n+1) /2) Integrate[LegendreP[n, x] Cos[X], {X, -1, 1}11, {n, O, 5}]

cO0 = Sin[1]

cl =0
5 _

c2 = B (6Cos[1] -4Sin[1])

c3 =0
9

c4 = — (-190Cos[1] +122Sin[1])
2

c5 =0

and along the way verify that the cos x is even; with these coefficients we have :
f(X) = coPg(X) +Ca Py (X) + C4P4(X) +...

We write a short Mathematica program to write the first 12 terms of the Legendre series and plot it
along with a graph of cos z on the same set of axes: :
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Clear[c, T, X]
f[x_ ] := Cos[X]
c[m_] :=c[m] = ((2m+1) /2) Integrate[f[x] LegendreP[m, X] // N, {X, -1, 1}]

Plot[{f[z], Sum[c[p] LegendreP[p, z], {p, O, 11}1}, {z, -1, 1}]

5. Consider three charges lying along the x axis. A charge of - g is at (d, 0), a charge of 2 q is at the
origin, and a charge of - q lies at (-d, 0). Use Legendre polynomials to determine the potential due
to this arrangement.

Solution : We find the total potential at the point O by summing the individual potentials due to the
charges (the principle of superposition). The potential due to the i charge is:

Vi = —
fi
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The potential due to the charge at the origin is easily expressible as :

2kq
0=
r

To express the potential due to the charge at (d,0), we use the law of cosines and write r; as:

rn’>=r>+d>-2rdcosd = r, = r\/1+(d/r)2— 2(d/r)cos 6

thus the potential due to charge 1 becomes :
kq 1

Vi =

' \/1+(d/r)2— 2(d/r)cosé

If we look carefully at the radical, we see that this is just the generating function for Legendre
Polynomials where (d/r) takes the place of h and cos 6 represents x. Thus, we can write this poten-
tial as :

kq 1 o .
Vi = -— = mgoPm (cos@)(d/n

' \/1+(d/r)2— 2(d/r)cos@
For the charge at (-d, 0), we first express the distance r, in terms of r, d and 6. It is important to

remember here that the angle between the two lines opposite r, is now 180-6, so the law of cosines
gives us:

r2=r’+d*>-2rdcos(180—6) = rP+d*+ 2rcosd = rz:r\/1+(d/r)2+2rdc030

and that the potential is expressed as :

k 1
v, = - Ka

' \/1+(d/r)2+2(d/r)cosé)

Notice that the expression for V; differs from V; in the sign of the 2 (d/r) cos 6 term. This is mathe-
matically equivalent to replacing h by -h, which allows us to express V; as:

kq 1

V, = = % Pp(cos)(~d/n™ =
m=0

' \/1+(d/r)2+2(d/r)cose
L (=)™ Py (cos6) @/ 0"

Thus, our total expression for the potential at point O is :
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(e 00 k
V= Vit Vot Vo = | E Pr(cost)@/n™+ T (=17 Py (cosd) @ /0] +2
r =0 m=0

The expression for potential involves two summations; notice that the sums add if m is even, but
will cancel if m is odd, therefore we can write the total potential as :

2kq

- [1— > Pm(cose)(d/r)m]
r

m=0, even

(o9

Writing the first few terms explicitly gives :

2
= —rq[l —(L+P2(cos ) (d/n?+Py(cosd) (d/n*+...)|
2kqrl

1
[E (3cos?@ —1)(d/n + 5 (3— 30cos? @ +35cos*6) (d/ r)4]
r

If r >> d, you can see how quickly this expression converges; if we keep just the first term, we can
approximate the potential field at O as :

2

k kqgd
Vz——q[(300829—1)(d/r)2] = -— (3cos?6-1)
r r

Recalling informaton from the first part of the course, we know that the electric field is derived from
the scalar potential, so that we can write :

E=-VV
Solving for the electric field using cylindrical coordinates:
-VYV = —(Evf + 1 iV@) = kq(_‘gc|2 (3cos?0-1)F - [d—z)(Gcosesine)@) =
ar r oo r4 rt

d? A
- 3kq(—4][(3c0529—1)?+ sin26 6]
r

If 6 = n/2, the electric field is purely radial and at large distances from the origin, and its magnitude
is the well known result:



