PHYS 301

HOMEWORK #6
Due : 13 March 2013

In this homework set, r represents the position vector and r represents the scalar magnitude of the
position vector. In questions 2, 3, 4 and 6, use Einstein summation notation (no credit will be given
for proofs using term-by-term component expansion). You may use Mathematica to verify your

answers, but you must show complete work for all problems.

1. Evaluate -(r3 r) (your answer will be in terms of r)

Solution : We use the result from class that :
V:(cv)=cV-v+v-Yc wherecisaconstant and v is a vector. Applied here, we get :

VA(Pr)=r*V-r+r.ve

The divergence of r is just 3 (since Y-r = 9 Xj / dx; = OxIoX + dyldy + 0z/0z = 1+1+1). So that the
first term on the right is just 3 r3. To find the gradient of r3, we start by writing:

3 3/2

= (xX*+y*+2°)
so that :

0 0 0
3 _ (2 2, 232 |, T (2 2, S 2N32ps Y2 2, ,2\324
Vr _6x(x +y +z) x+ay(x +y +z) y+az(x +y +z) i

3 3 3
> (x2+y2+22)1/2.2x>“< + 5 (x2+y2+22)1/2.2y§/ +s (x2+y2+22)1/2.222 =

3(x2+y2+22)1/2[x§< +yy +22] = 3rr

Therefore, the second term on the right becomes r - 3 r r = 3 r® (remember that r - r = r?), so the
entire expression is equal to 6 r3.

f f-—f
2. Prove V(—) = u where f and g are scalars.

9 g°
Solution : We start by writing the identity in summation notation and apply the quotient rule :
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P
(f) a(f) gg_;i_fa_xgi
v|-|- —|-| =& X
g oxi\g 9°

Since d¢ / dx; is summation notation for Y ¢, the equation above is just:
f gVf - Vg
o)

g 9°

3. ProveVx(AxB) = B-V)VA-BV-A -(A-Y)B+A(Y -B)
Solution : We start by defining C = A x B which we can represent as :
Ci = EijkAj Bk

which produces the ith component of the cross product; we can represent the curl of C as :

0 0 0
VxC - émi a_xn Ci = €mni a—n (€ijk Aj Bk) = €mni €ijk 5_n (A By)
This will give us the m™ component of the curl of A x B. At this point we realize we have a product
of e with a repeated index; we permute the first e cyclically so we can make use of the € - § relation-
ship :

0 0 0
€mni €ijk P (Aj Bk) = €imn €ijk P (Aj Bk) = (5mj Onk — Omk 5nj) v (Aj Bk)

n n n

Now, if we apply the product rule we see how we obtain the four terms :

0 0 0 0 1)
5mj 5nk Bk 8— Aj - (5mk 5nj Bk 8—)( Aj + 5mj 5nk Aj 8— Bk - 5mk 5nj Aj 8— Bk

n n n n
Now, for the first term in eg. (1), m = j and k = n, so the first term becomes :

B 0 A
n 8Xn m
Notice that the repeated index is n, so the dot product is between B and the del operator, yielding the

term (B-VY) A.
In the second term, m =k and n = j, yielding :
0
-Bmn— A, = - B(V -A)
Xy

since the repeated index is n and the dot is between Y and A. In the third term, m = jand n = k
producing :

0
Ama_Bn: A(V'B)

Xn
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Finally, since m=k and n=j in the fourth term, it becomes :

0
_Ana_Bm: _(A'V)B

Xn

Summing all four terms produces the identity:
Vx(AxB) = (B-V)A-B(V-A) -(A-V)B +A(V-B)

4. A vector field is called irrotational if its curl is zero. A vector field is called solenoidal if its
divergence is zero. If A and B are irrotational, prove that A x B is solenoidal.

Solution : We are required to show that :
V- (AxB) =0
We use summation notation to show that :

0 0 0 0
V -(AxB) » a_ (Eijk Aj Bk) = €jjk a— (AJ Bk) = eijk[Aj 8_ By + Bk 8_ Aj] =

X| X| X| X|
A 0 Bk + B 0 A A-(VxB) +B-(V xA)
j€ijk — Bk + Bjeijk — Aj = —A-(V xB) +B:(V x
j Gijk 9% k j Gijk Ix ]

Since both A and B are irrotational, their curls are both zero, so the entire expression is zero and Y
-(AxB) = 0.

5. Evaluate V[V - (r /12)]

Solution :
In Cartesian coordinates: We begin by evaluating the divergence, using the same identity used in
problem 1 :
r 1 1
V()= g vrervlz)

The first term on the right is 3 r~2. Finding the gradient in the second term:

1y 4 1 9 1 9 1 X
V(_): — || X+ — ||Vt —|—/—/————|Z =
2} Ox\x?+y?+2? Y\ x? +y? +2° 0z \ x? +y? + 22

-2X . -2y . -2z . —2r

(x2+y?+2?) +(x2+y2+22) +(x2+y2+22) r4

Therefore, the value of the divergence is :
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3 r 1 1
—+r.(_z—) I
r r4 rr x2+y?+72

The Laplacian of this term is :

P Bl eseere i oseered e P

vl -+ —|—+—|—
X% +y? + 72 X2\ X% +y? + 72 V2 \x2+y?+72) 022 \x%2+y?+ 72

Let' s consider the second derivative with respect to x; once we have this term we know the other
two terms will be of an analogous form. The second derivative with respect to x gives us :

8 x2 2

(x2+y?+ 22)3 (x2+y2+ 22)2

The second derivative terms in y and z will yield similar terms so that the total Laplacian is :
8 x° 8y? 872 6
3 T 3 " 3 2~
(C+y2+2%)  (x+y?+2%)°  (XP+y2+Z?)  (P+y?+7)

8 (x> +y?+2%) 6 8rr 6 2

(x+y?+ 22)3 (x+y?+ 22)2

In spherical coordinates :

I am not expecting anyone to do this in spherical coordinates (since we will show how to do vector
calc in spherical coords after break), but this is a good example to show why we transform from one
coordinate system to another. In spherical coordinates, the divergence is given by :

19, 1 0 . 1 0V,
V-V =—=—(V)+—— —6in0Vy) + —— —
rZ ar rsing 00 rsing d¢
where r, 6, ¢ are the radial direction, polar angle and azimuthal angle respectively, and the sub-
scripts of V indicate the component of the vector V in that direction. Now let’s find the divergence
of our vector, r=2 r. There is only a radial component (the 6 and ¢ components are zero). To find
the radial component, remember that the unit vector in the r direction is:

A r A
r=— =r=]|r|r
|
so that we can write this vector as :
r r|t F
r2 r2 r

and so the radial component of our vector is just 1/r. Substituting this into the divergence equation
gives us :
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r 190 ) 1 1
o {5)- 122
r2 r2 ar r r2

Now, we take the Laplacian of this result; in spherical coordinates, the Laplacian of a scalar f is

written as :
5 10(,0f 1 o (. of 1 o’ f
Vf:——(r —)+ —(5|n9—)+ —
r2ar\ ar) r2sing 90 960)  r?sin?9 \ 9¢?
In our case, f is simply 1/r2, so we need only compute :

Vz(i) 2 2(rz a(l/rz)] 1 i(rz_—z) 1L (E):E as we found before.

6. Prove curl grad ¢ = 0 for all scalar fields ¢ (i.e., Vx V¢ = 0)

Solution : The crux of this proof is recalling that we can interchange the order of differentiation
without changing the result, i.e.,:

o of o of
ox dy  dy ox
Our identity becomes :
a 0¢
VxV¢ = Eijk[a_xj c‘)—xk]

Since order of differentiation does not matter, we can write this as :

9 0 d 0
VxV¢ = Eijk(— —¢) = eijk(— —¢) 2

an 00Xk 00Xk 8Xj

In the last expression in the equation above, changing order of differentiation changes the parity of
the permutation tensor, so that we separately know (pay close attention to the subscripts and notice
that the j and k subscripts have been reversed) :

B R I
€ilk (9Xk an B €ilk an (9Xk (3)

If we combine the results of egs. (2) and (3), we obtain :

d ¢ o 8¢
€| — — | = - e, | — —
ik an 00Xy ik an 0 X

In other words, we have an expression identical to its negative; the only way this can always be true
is if the expression is always zero. The result is general; the curl of the gradient of any scalar func-
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tion is zero.



