PHYS 301
HOMEWORK #11

Solutions

1. Begin by taking the differentials of x, y and z :
dx = vcos¢du + ucos¢dv — uvsing de
dy = vsingdu + usingdv + uvcos¢ de
dz = udu — vdv
(dx)? + (dy)? + (d2)* = (V> cos® ¢ + V2 sin® ¢ + U?) (du)® + (u® cos® ¢ + u®sin’ ¢ + v?) (dv)? +
(U V2 sin® ¢ + u® v cos® ¢) (dgp)?
+ 2(uvcos’guvsin®¢ — uv)(dudv)
+2(—u V2 cos¢sing +uv?sin ¢ cos ¢) (du de)
+2(—uv?cosgsing + uv?sin g cos ¢) (dv dg)

We can see that all the cross term (du dv, du d¢ and dv d¢) sum to zero, leaving only terms involv-
ing perfect squares, one indication of an orthogonal transformation.

We can apply basic algebra and trig to the results above to obtain :

ha=VUu2+v2  hy =+ u?+V2 hy = uv

The unit vectors are found by writing the position vector as :

. .1 .
r=XX+yy+22=UvVCOSghX + uvsm¢y+§(u2—v2)z

ar/ou VCOS¢pX + VsSingy + uz
u = =

|dr/ou| /u2+v2
. ’6r/6v’ Ucos@X + usingy — vz
V = =

or/ov /u2+v2
5 |8r/8¢| —uvsingX + uvcosgy

~ lorjee ! uv

You can also confirm that the transformation is orthogonal by verifying that all dot products satisfy
éi éj = 6ij
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2. We begin with the expression for acceleration in spherical polar coordinates, given on the last
page of the solutions for the last homework :

a = (f i - ré&zsinze)?
. .. .2 . A
+(r0+2r0 —-r¢ sm@cos@)o
+(r¢+ 2F¢sing + 2rddcosd)d

Since each of the rings has a fixed radius, all terms involving r and r will be zero. Similarly, since
all angular velocities are constant, all second derivatives of ¢ and 6 are zero. The pink ring is rotat-
ing only in the ¢ direction, while the blue and green rings are rotating in both 8 and ¢. Therefore,

the acceleration expression for the pink ring will not have @ terms, while the expressions for the
other rings will. Thus, we can write the acceleration of a particle on the pink ring as:

a=—rwsin?ff — rw?sinfcoso

where w, is the angular velocity about the polar axis. If we call wy, the angular velocity about the
equatorial axis, we have for the blue and green rings:

a=(-rwp—rwisin®6)f — rwsinfdcos6@ +2rw, wy cos b ¢

The North Pole of the pink ring corresponds to 6 = 0 in the spherical polar coordinate system (polar
angles are measured from the north pole down) so the acceleration is zero since sin 0 = 0.

3. Laplace' s equation in spherical coordinates is :

, 19 (,0V 1 d( oV 1 (82V
VV:——(r —)+ —(sme—)+ —
r2 ar\" ar) r2sing 96 90 ) rZsin? g \ 9¢?

Since our function :

V = r"coséd

has no ¢ dependence, we know that dV/d¢ is zero, and we can omit the last term in Laplace' s equation. Substitut-
ing our function into Laplace' s equation gives :

190

0
Y2V = r? (nr"1cos 6)) + — (sinf(=r"sin@)) =0
r ar( ( ) r’sing 96
In the first term on the right, cos 6 is a constant as is r in the second term, allowing us to write :
ncosd d M2 d
Y2V = — (M) —=— —(sin%4) = 0
rZ dr sing do
Doing the indicated differentiations :
) , 2r"2sinfcosH
VYV =nnh+1cosfr"*—-—— =0

siné@
Factoring out common terms :

V2V = rM2cosfd(n(n+1)-2) =0 =>n=-2,1
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For each of the differential equations, we will assume solutions of the form :
y = 2 a,x"
n=0

with derivatives :

y'= X na,x"? y' = X n(n-1)a,x"?
n=1 n=2
In each of the solutions below, | will be explicit about lower limits, but will often omit upper limits

on the summations since they are infinity in all cases.

4. We know the solutions to this equation are sin and cos, let' s derive them using series techniques :
y'+y=0= T nn-1a,x"?+ 2 a,x"=0
n=2 n=0
Re - index the first summation by setting k = n - 2 and obtain :

TM+2)(N+D a2 X"+ 2 apx" =0
n=0 n=0

Combining into one summation :

O —a
2 X N+2)(N+Dago+a,]=0 2 apy = —————
n=0 M+2)(n+1)
This recursion relation shows there are two branches of the solution, and we obtain for coefficients :
—ap —ado dg —dg —ag
a2 = — = —_— = a6 = = —
2 4.3 4.3.2 6.5 6!
- -a3 —as do
3.2 54 5! 7-6 7!
And our series solution is :
x2 xt X8 x x> X
y=a|ll-—+—-——+.. |+ X-——+—-—+
2 4! 6! 3! 51 7!

We can easily see that the first term on the right is simply cos x, and the second is sin x.

5.y"+xy =0
5 nin-21a,x"? + x > a, X" =0
n=2 n=0

Multiply through by the x in the second term and get :

- 2 - 1
Tnin=-1Da,x"“+ T a,x" =0
n=2 n=0

Re - index by setting n —» n - 2 in the first sumand n - n -1 in the second sum to get :
TM+2)N+Dap X"+ X a,.1 X" =0
n=0 n=1
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We strip out the first term in the first sum so that both sums have the same lower limits :

2+ 2[N+2)(n+ 1) a2 +a,-1] X" =0
n=1

Yields the recursion relation :

By = L
n+2)(n+1)
and also the result :
a=0

This recursion relation looks similar to the one obtained in problem 4, except notice now that the n
coefficient is a multiple of the (n - 3) coefficient. Since we know that a, =0, we also know that a, =

ag= ag=..=0
The recursion relation yields :
— do —a3 dg
a3 = — a6 = =
-2 6-5 6-5-3-2
—a —ay ao
a4 = —— 7

az = =
4.3 7-6 7-6-4.3
The solution is :

x3  xb x4 x’
y=a|l-—+——-..|+a1|X — + + ...
3-2 6-5 4.3 7-6-4-3
These solutions, which generate functions which oscillate in some regions (like trig functions) are
called Airy Functions and appear in the study of optics (diffraction).

6.y"-2xy'-2y =0
> n(n—1)a,x"? - 2x s na,x" !t -2 s anx" =0
n=2 n=1 n=0

After multiplying through by x in the second summation :

Tnin-1a,x"?2 -2 T nax"” -2 a,x"=0
n=2 n=1 n=0

We need only re - index in the first sum by settingn - n-2:

SM+2)(N+DaX"=2 T nagx" =22 a,x" =0
n=0 n=1 n=0

We strip out the n = 0 terms in the first and third sums :
2a—2ay+2X"[(Nn+2)(n+1)ap.2—2na,—2a,] =0
Since
2a—-2a; =0 = ap = q

and the recursion relation is
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an+2 = =
n+2)(n+1) n+2
From which we obtain :
2a1
ay = ap (as expected) as = -
az ao 2a3 4
au=— =— _fs_ 7
22 "5 T 5t
dg do as 8
dg = — = — ar = - -
R [ T

and the solution is

+—X
15 105
Let' s see if we can make sense of these solutions. Notice that the even branch is just the Taylor

expansion of e, If we solve the original differential equation using the DSolve routine we obtain:
DSolve[y""[X] -2XYy"[X] -2Y[X] =0, y[X], X]

, xt X 2x3 4 . 8
y =a|l+Xx +—+€ +..|+a X+T +— X + ...

Hy[x} 5 e 2] +g & C[1] Erf[x}}}

and see that in fact one solution is merely e, and the other is a multiple of this solution involving
the “error function” which is defined as:

2 X
—t2
erf(x):—fe dt
n Jo

It is the area under a Gaussian curve from the origin to X. You might have learned in multivariable
the "trick" that allows you to compute the integral of this function from 0 to co (or from - co t0 o),
but the integral from 0 to any finite value of x must be computed numerically. This function arises
frequently in statistics and in solving heat diffusion problems. If we use the Mathematica series
function, we can verify that our second solution is accurate :

Tﬂ Series[Erf[x] Exp[x”"2], {x, O, 8}]

2x3 4x5 8x’
+

N
3 15 105
Which matches our series solution.

X + +0[x]°

7.y" = x*y' -y =0
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(o9

n(n-1)a,x"? - x? > na, x"! - > anx" =0
n=2 n=1 n=0
Multiplying by x? in the second sum and re - indexing :

T (N+2)(N+1)apo X" — > (n-Da1 x" - > anx"=0

n=0 n=2 n=0
Stripping out the n =0 and n = 1 terms in the first and third sums :

28 +6a3X —ag— a1 X +2X"[(Nn+2)(n+1)apo —(n=1ap.1—a,] = 0
We obtain the recursion relation :
(n=1)an_1+an
n+2)(n+1)

Any2 =

and the "stripped out" terms yield :
do
2a—a3 =0 > 8.223

ai
bazx—a;x =0 = a3=€

a
nN=1= az = El (as expected)

a; +ay a1 dg

N=2 = a= = — +
12 12 24
2a2+a3 ao das dg ai
nNn=3>ag=—"—=—+— = — +—
20 10 20 20 120

and the series soluton is

x> xt X 3 x4 x5
y=a|l+t—+—+—+..|+a|X+—+—+—+..
2 24 20 6 12 120

We can test our solution against a numerical solution of the differential equation. Using the
NDSolve program, we can determine the numerical solution to our ODE via :
niesi= s = NDSolve [{y ™" [x] -x?y"[x] -y[X] =0, y[0] =1, y"[0] =1}, y, {X, 0, 2}]
outael= {{y - InterpolatingFunction[{{0., 2.}}, <>]}}
Where | use as initial condition 'y (0) =y' (0) = 1. In our series solution, this translates as
Pp=a-=1
values you can verify by setting x = 0 in the function and the first derivative.
We can plot our solution :
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nu7= Plot[Evaluate[y[X] /- S], {X, 0, 2}, PlotRange - All]

20~

out[47]= 10 [

T T S S RS S S|
0.5 1.0 15 2.0

and we see the value of y rises rapidly with x, so we will need to use quite a few terms in our series
solution to match it. Below | write a short program to compute a coefficients and thus the series
solution, and plot it with respect to the numerical solution :

n4er= Clear[F, a]
a[0] =1; a[l] =1; a[2] =a[0]/2;
(n-3) a[n-3] +a[n-2]

a[n_] :=
(1 n(n-1)

f = Sum[a[n] x~n, {n, 0, 10}];

s = NDSolve[{y ™" [x] -x?y~[X] -y[X] =0, y[0] =1, y"[0] =1}, v, {X, 0, 2}]
oufsz)= {{y - InterpolatingFunction[{{0., 2.}}, <>]}}
ns3= gl = Plot[Evaluate[y[X] /- s]1, {X, 0, 2}, PlotRange - All];

g2 = Plot[f, {x, 0, 2}, PlotStyle -» Red];
Show[gl, g2]

15+

out[55]= 10 [

0.5 1.0 15 2.0

And we see that we have decent agreement to about x = 1.8 with some variation after that. If we use
more terms in the series :
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nisei= Clear[F, a]
a[0] =1; a[l] =1; a[2] =a[01/2;

(n-3) a[n-3] +a[n-2]

a[n_] :=
(1 n(n-1)

f = Sum[a[n] x~n, {n, 0, 20}];
s = NDSolve[{y ™" [x] -x?y~[x] -y[X] =0, y[0] =1, y"[0] =1}, v, {X, 0, 2}]

oufeol= {{y - InterpolatingFunction[{{0., 2.}}, <>]}}

ne1:= gl = Plot[Evaluate[y[X] /- s], {X, 0, 2}, PlotRange - All];
g2 = Plot[f, {x, 0, 2}, PlotStyle -» Red] ;
Show[gl, g2]

Out[63]=

you can see that we achieve better agreement, suggesting that our series solution is valid.



